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Abstract 

We describe the structure of 2-connected non-planar toroidal graphs with no 
i^^-subdivisions, using an appropriate substitution of planar networks into the 
edges of certain graphs called toroidal cores. The structural result is based on a 
refinement of the algorithmic results for graphs containing a fixed -ft^-subdivision 
in [A. Gagarin and W. Kocay, "Embedding graphs containing i^-subdivisions" , 
Ars Combin. 64 (2002), 33-49]. It allows to recognize these graphs in linear-time 
and makes possible to enumerate labelled 2-connected toroidal graphs containing 
no -Ks^-subdivisions and having minimum vertex degree two or three by using an 
approach similar to [A. Gagarin, G. Labelle, and P. Leroux, "Counting labelled 
projective-planar graphs without a i^^-subdivision" , submitted, arXiv:math.CO/ 
0406140, (2004)]. 

1 Introduction 

We use basic graph-theoretic terminology from Bondy and Murty |5. and Diestel p3, and 
deal with undirected simple graphs. Graph embeddings on a surface are important in 
VLSI design and in statistical mechanics. We are interested in non-planar graphs that 
can be embedded on the torus or on the projective plane. By Kuratowski's theorem a 
graph G is non-planar if and only if it contains a subdivision of K 5 or K 3 3 (see Figure 1). 
In this paper we characterize (and enumerate) the 2-connected toroidal graphs with no 
f^33-subdivisions, following an analogous work for projective-planar graphs (jOj)- The 
next step in this research would be to characterize toroidal and projective-planar graphs 
containing a i^3 3 -sub division (with or without a fT 5 -subdivision). 
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Figure 1: Minimal non-planar graphs and K$. 

We assume that G is a 2-connected non-planar graph. A graph containing no K^- 
subdivisions will be called K^-subdivision-free. A general recursive decomposition of non- 
planar i^ 3 3 -subdivision-free graphs is described in and A local decomposition 
of non-planar graphs containing a ^-subdivision of a special type is described in [7] and 
[H] (some i^ 3j3 -sub divisions are allowed), that is used later in |H| to detect a projective- 
planar or toroidal graph. The results of jH] provide a toroidality criterion for graphs 
containing a given ^-subdivision and avoiding certain ^^-subdivisions by examining 
the embeddings of K 5 on the torus. The torus is an orientable surface of genus one which 
can be represented as a rectangle with two pairs of opposite sides identified. The graph 
K5 has six different embeddings on the torus shown in Figure 2. Notice that the hatched 
region of each of the embeddings E\ and E 2 forms a single face F. 
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Figure 2: Embeddings of K 5 on the torus. 

In [9J we prove the uniqueness of the decomposition of jS] for 2-connected non-planar 
projective-planar graphs with no -K^-subdivisions that gives a characterization of these 
graphs. In the present paper we state and prove an analogous structure theorem for the 
class T of 2-connected non-planar toroidal graphs with no ^^-subdivisions, involving 
certain "circular crowns" of K 5 \e networks and substitution of strongly planar networks 
for edges. The structure theorem provides a practical algorithm to recognize the toroidal 
graphs with no ^^-subdivisions in linear-time. Here we use the structure theorem to 
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enumerate the labelled graphs in T by using the counting techniques of |JJ and ^7] and 
improve known bounds for their number of edges. Finally, we enumerate the labelled 
graphs in T having no vertex of degree two. Tables can be found at the end of the paper. 

2 The structure theorem 

A network is a connected graph N with two distinguished vertices a and b, such that the 
graph N U ab is 2-connected. The vertices a and b are called the poles of N. The vertices 
of a network that are not poles are called internal. A network iV is strongly planar if the 
graph N U ab is planar. We denote by Mp the class of strongly planar networks. 

The substitution of a network N for an edge e = uv is done in the following way: 
choose an arbitrary orientation, say e = uv of the edge, identify the pole a of iV with the 
vertex u and b with t> , and disregard the orientation of e and the poles a and b. Note 
that both orientations of e should be considered. It is assumed that the underlying set 
of N is disjoint from {u,v}. The set of one or two resulting graphs is denoted by e f N. 
More generally, given a graph Go with k edges, E = {e\, . . . , e^}, and a sequence 
(iVx, A/ 2 , • • • , iVjfc) of disjoint networks, we define the composition G | (Ai, A 2 , • • • , N k ) 
as the set of graphs that can be obtained by substituting the network Nj for the edge 
ej of G , j = 1,2, ... ,k. The graph G is called the core, and the iVj's are called the 
components of the resulting graphs. For a class of graphs Q and a class of networks jV, we 
denote by Q \ M the class of graphs obtained as compositions Go T (Ai, A 2 , • • • , Nk) with 
G G Q and Aj G M , i = 1,2, ... ,k. We say that the composition Q f H is canonical if 
for any graph G G | A/", there is a unique core G G <7 and unique (up to orientation) 
components N\, N 2 , . . . , N k G M that yield G. 

In |9 3 we prove the uniqueness of the representation K§ j A/p for A^s-subdivision-free 
projective-planar graphs. This gives an example of a canonical composition. 

Theorem 1 ([8, 9|) A 2-connected non-planar graph G without a K 33 - subdivision is 
projective-planar if and only if G G j A/p. Moreover, the composition | A/"p «s 
canonica/. 

Definition 1 Given two AVgraphs, the graph obtained by identifying an edge of one of 
the K§s with an edge of the other is called an M-graph (see Figure 3a)), and, when the 
edge of identification is deleted, an M* -graph (see Figure 3b)). 

Definition 2 A network obtained from A5 by removing the edge ab between two poles 
is called a K$\e-network. A circular crown is a graph obtained from a cycle Gj, % > 
3, by substituting A" 5 \e-networks for some edges of Gj in such a way that no pair of 
unsubstituted edges of Gj are adjacent (see Figure 4). 

Definition 3 A toroidal core is a graph H which is isomorphic to either A5, an M-graph, 
an M*-graph, or a circular crown. We denote by Tq the class of toroidal cores. 
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a) b) 
Figure 3: a) M-graph, b) M*-graph. 



Figure 4: A circular crown obtained from C5. 

The main result of this paper is the following structure theorem. The proof is given in 
Section 4. 

Theorem 2 A 2-connected non-planar K 3^- subdivision- free graph G is toroidal if and 
only if G eTq ] Mp. Moreover, the composition T = Tq | Mp is canonical. 

This theorem is used in Section 5 for the enumeration of labelled graphs in T. In the 
future we hope to use Theorem 2 to enumerate unlabelled graphs in T as well. 

3 Related known results 

This section gives an overview of the structural results for toroidal graphs described in 
|B]. Following Diestel [U], a -fT 5 -subdivision is denoted by TK 5 . The vertices of degree 4 
in TK5 are the corners and the vertices of degree 2 are the inner vertices of TK$. For a 
pair of corners a and b, the path P a b between a and b with all other vertices inner vertices 
is called a side of the .^-subdivision. 

Let G be a non-planar graph containing a fixed -K^-subdivision TK^. A path p in G 
with one endpoint an inner vertex of TK5, the other endpoint on a different side of TK5, 
and all other vertices and edges in G\TK^, is called a short cut of the i^-subdivision. 
A vertex u G G\TK^ is called a 3- corner vertex with respect to TK§ if G\TK§ contains 
internally disjoint paths connecting u with at least three corners of the ii's-subdivision. 

Proposition 1 ([1, 7, 8J) Let G be a non-planar graph with a K$- subdivision TK§ for 
which there is either a short cut or a 3-corner vertex. Then G contains a K 3 3 - subdivision. 
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Proposition 2 ([7, 8j) Let G be a 2-connected graph with a TK 5 having no short cut or 
3-corner vertex. Let K denote the set of corners ofTK^. Then any connected component 
C of G\K contains inner vertices of at most one side of TK$ and C is connected in G 
to exactly two corners ofTK 5 . 

Given a graph G satisfying the hypothesis of Proposition |21 a side component of TK 5 
is defined as the subgraph of G induced by a pair of corners a and b in K and the 
connected components of G\K which are connected to both a and b in G. Notice that 
side components of G can contain i^^-subdivisions. 

Corollary 1 (pJIH]) For a 2-connected graph G with a TK§ having no short cut or 3- 
corner vertex, two side components of TK 5 in G have at most one vertex in common. 
The common vertex is the corner of intersection of two corresponding sides ofTK 5 . 

Thus we see that a graph G satisfying the hypothesis of Proposition El can be decomposed 
into side components corresponding to the sides of TK 5 . Each side component S contains 
exactly two corners a and b corresponding to a side of TK 5 . If the edge ab between the 
corners is not in S, we can add it to S to obtain S U ab. Otherwise S U ab = S. We 
call S U ab an augmented side component of TK&. Side components of a subdivision of 
an M-graph are defined by analogy with the side components of a ^-subdivision by 
considering pairs of adjacent vertices of the M-graph. 

A planar side component S of TK§ in G with two corners a and b is called cylindrical 
if the edge ab ^ S and the augmented side component S U ab is non-planar. Notice that 
a planar side component S = S\ab is embeddable in a cylindrical section of the torus. A 
cylindrical section is provided by the face F of the embeddings E\ and E 2 of K$ on the 
torus shown in Figure 2. Toroidal graphs described in [H] can contain ^^-subdivisions 
because of a cylindrical side component 5*. An example of an embedding of the cylindrical 
side component S = K^^e of a TK^ on the torus is shown in Figure 6 where the graph 
G of Figure 5 is embedded by completing the embedding E\ of K§ shown in Figure 2. 




Figure 5: A toroidal graph G containing subdivisions of and of K5. 

If a graph G has no i^s-subdivisions, then Proposition |21 can be applied, in virtue of 
Proposition n in this result of [S] can be summarized as follows. 

Proposition 3 (|8J) A 2-connected non-planar K^^-subdivision-free graph G containing 
a K "5- sub division TK 5 is toroidal if and only if: 
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Figure 6: Embedding of the cylindrical side component K 3 3 \e. 

(i) all the augmented side components ofTK$ in G are planar graphs, or 

(ii) nine augmented side components ofTK§ in G are planar, and the remaining side 
component S is cylindrical, or 

(in) G contains a subdivision TM of an M -graph, and all the augmented side compo- 
nents of TM in G are planar. 

Further analysis of the cylindrical side component S of Proposition 3 (ii) will provide 
a proof of Theorem 2. Notice that graphs with 6 or more vertices satisfying Propositon 

3 are not 3-connected. Therefore a 3-connected non-planar graph different from K 5 must 
contain a i^^-sub division (see also pQ). 

4 Proof of the structure theorem 

A side component S having two corners a and b can be considered as a network. We use 
the notation Int(5) to denote the interior of S, that is the subgraph Int(S) = S\({a}U{6}) 
obtained by removing the two vertices a and b. A network S is called cylindrical if ab (jL S, 

5 is a planar graph, but S U ab is non-planar. Recall that a network S is called strongly 
planar if S U ab is planar. 

A block is a maximal 2-connected subgraph of a graph. A description of the block- 
cutvertex tree decomposition of a connected graph can be found in jB] . We consider blocks 
Gi having two distinguished vertices and foj. The distinguished vertices are called poles 
of the block. 

Proposition 4 Let G be a 2-connected non-planar toroidal K$$- subdivision- free graph 
satisfying Proposition 3(H) with the cylindrical side component S having corners a and b. 
Then the block- cutvertex decomposition of S forms a path of blocks Si, S2, ■ ■ ■ , Sk, k > 1, 
as in Figure 7, and at least one of the blocks Si, S 2 , ... , Sk, k > 1, is a cylindrical network. 
Moreover, every block Si, i = 1, 2, . . . , k, of S is either a strongly planar network, or a 
cylindrical network of the form K 5 \e j (iVi, iV 2 , . . . , iVg), where e = afii and the Nj 's are 
strongly planar networks. 

Proof. Since G is 2-connected, each cut- vertex of S belongs to exactly two blocks and 
lies on the corresponding side P a b of TK§. Therefore the blocks of S form a path as in 
Figure 7. 
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Figure 7: Block- cutvertex decomposition for the cylindrical side component S. 

Suppose each block Si of S, i — 1, 2, . . . , k, remains planar when the edge t^fe, is added 
to Si. Then, clearly, S U ah remains planar as well. Hence the fact that S is cylindrical 
implies that at least one of the blocks Si, i = 1, 2, . . . , k, is itself a cylindrical network. 

Suppose a block S m , 1 < m < k, of S is cylindrical. Then, by Kuratowski's theorem, 
S m U a m b m contains a i^s-sub division TK' 5 . Clearly, a m b m G TK' 5 , TK' 5 has no short-cut 
or 3-corner vertex in G and a m and b m are two corners of the TK' 5 . The edge a m b m of 
TK' 5 can be replaced by a path P am b m in G\Int(S' m ) and we can decompose G into the 
side components of TK' 5 . 

Since G is toroidal and the side component G\lnt(S m ) of TK' 5 is cylindrical, all the 
other side components of TK' b in G must be strongly planar networks by Proposition 3(h). 
Therefore S m is a cylindrical network of the form K 5 \e j (iVi, i\T 2 , • • • , iVg), with e = a m 6 m 
and iVj G Ap, j = 1, 2, . . . , 9. ■ 

Now we are ready to prove the structure Theorem 2 using Propositions 3 and 4. 

Proof of Theorem 2. (Sufficiency) Suppose G is a graph in 7^ | A/p, i- e - G = H ] 
(Ni, N2, ■ ■ ■ , Nk), where if is a toroidal core having k edges and AVs, i = 1, 2, ... k, are 
strongly planar networks. If H = or H = M, then G can be decomposed into the 
side components of TK5 or TM respectively and the augmented side components are 
planar graphs. Therefore, by Proposition 3(i) or 3(iii) respectively, G is toroidal ^3,3- 
subdivision-free. 

If H = M* or if is a circular crown, then we can choose a K$\e- network N in H 
and find a path P a b connecting a and b in the complementary part H\lnt(N). This 
determines a subdivision TK 5 in G such that nine augmented side components of TK 5 
in G are planar, and the remaining side component S defined by the corners a and b of 
TK 5 is cylindrical. Therefore, by Proposition 3(ii), G is toroidal iis^-subdivision-free. 

(Necessity and Uniqueness) Let G be a 2-connected non-planar i\3 )3 -subdivision-free 
toroidal graph G. By Kuratowski's theorem, G contains a i\" 5 -subdivision TK 5 . Let us 
prove that G G Tq | A/p by using Propositions 3 and 4. The fact that the composition 
H I A/p, ii G 7(7; of G is canonical will follow from the uniqueness of the sets of corner 
vertices in Proposition 3. 

Clearly, the sets of graphs corresponding to the cases (i), (ii) and (iii) of Proposition 
3 are mutually disjoint. Suppose G contains a subdivision TK 5 or TM and all the 
augmented side components of TK§ or TM, respectively, in G are planar graphs as in 
Proposition 3(i, iii). Then G = K 5 | (N u N 2 , . . . , jV 10 ) or G = M | (JV a , N 2 , ■ ■ ■ , N 19 ), 
respectively, K 5 , M G T c and all the N/s are in Hp. The uniqueness of the decomposition 
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in cases (i) and (iii) of Proposition 3 can be proved by analogy with Theorem 3 in j^J: 
the set of corners of the i^-subdivision in Proposition 3(i) and the set of corners of the 
M-graph subdivision in Proposition 3 (iii) are uniquely defined. This covers toroidal cores 
Kk, and the M-graph. 

Suppose S is the unique cylindrical side component of TK 5 in G as in Proposition 3(h). 
Notice that G\lnt(S) itself is a cylindrical network of the form K 5 \e j (iVx, N 2 , . . . , Ng), 
where e = ab and Nj G Hp,j = 1,2, ... ,9. By Proposition 4, the block-cutvertex de- 
composition of S forms a path of blocks Si, 5*2, . . . , Sk, k > 1, as in Figure 7, and at 
least one of the blocks Si, S 2 , ... , Sk, k > 1, is a cylindrical network. In this path we 
can regroup maximal series of consecutive strongly planar networks into single strongly 
planar networks so that at most one strongly planar network N' is separating two cylin- 
drical networks in the resulting path, and the poles of the strongly planar network N' are 
uniquely defined by maximality. By Proposition 4, the cylindrical networks in the path 
are of the form K 5 \e j (Ni, N 2 , . . . , Ng), where Nj G Mp,j = 1, 2, . . . , 9, and the corners 
a' and b', e = a'V ', are uniquely defined with respect to the corresponding K 5 -sub division 
TK' 5 in G. Therefore the unique set of corners completely defines a toroidal core M* or 
a circular crown H having k edges and the set of corresponding strongly planar networks 



Ni,N 2 ,..., N k , such that G = M* | (Ni, N 2 , . . . , N 18 ) or G = H t (N u N 2 , . . . , N k ), 



Theorems 1 and 2 imply that a projective-planar graph with no i^s-subdivisions is 
toroidal. However an arbitrary projective-planar graph can be non-toroidal. The char- 
acterizations of Theorems 1 and 2 can be used to detect projective-planar or toroidal 
graphs with no ^^-subdivisions in linear time. The implementation of this algorithm 
can be derived from 8J by using a breadth-first or depth-first search technique for the 
decomposition and by doing a linear-time planarity testing. The linear-time complexity 
follows from the linear-time complexity of the decomposition and from the fact that each 
vertex of the initial graph can appear in at most 7 different components. 

A corollary to Euler's formula for the plane says that a planar graph with n > 3 
vertices can have at most 3n — 6 edges (see, for example, 5] and 0). Let us state this 
for 2-connected planar graphs with n vertices and m edges as follows: 



In fact, m = 3n — 5 = 1 if n = 2. The generalized Euler formula (see, for example, [To] ) 
implies that a toroidal graph G with n vertices can have up to 3n edges. An arbitrary 
graph G without a i^^-subdivision is known to have at most 3n — 5 edges (see P). 
The following proposition shows that toroidal graphs with no i^3 3-subdivisions satisfy a 
stronger relation, which is analogous to planar graphs. 

Proposition 5 The number m of edges of a non-planar K^-subdivision-free toroidal 
n-vertex graph G satisfies m < 3n — 5 if n = 5 or 8, and 



respectively. 




(1) 



m < 3n — 6, if n > 6 and n^8. 



(2) 
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Proof. Clearly, toroidal graphs satisfying Theorem 2 also satisfy Proposition 3. By Propo- 
sition 3(i, ii), each side component Si of TK 5 in G, i = 1, 2, . . . , 10, satisfies the condition 
(HJ with n = rii, the number of vertices, and m = rrii, the number of edges of Si, 
i = 1,2, . . . , 10. Since each corner of TK 5 is in precisely 4 side components, we have 
J2l=i n>i = n + 15 and we obtain, by summing these 10 inequalities, 

10 f 3 El=i n i ~ 50 = 3 (™ + 15) - 50 = 3n - 5 if n = 5 

m = rrii < < , 
i=1 I 3 £j=i ^ - 51 = 3(n + 15) - 51 = 3n - 6 if n > 6 

since n = 5 iff = 2, z = 1, 2, . . . , 10, and n > 6 if and only if at least one rij > 3, 
j = l,2,...,10. 

Similarly, by Proposition 3(m), each side component Si of TM in G, i — 1, 2, . . . , 19, 
satisfies the condition (|1J) with n — rii, the number of vertices, and m = rrii, the number 
of edges of Si, i = 1, 2, . . . , 19. Since 2 vertices of TM are in precisely 7 side components, 
6 vertices of TM are in precisely 4 side components, and all the other vertices of G are 
in a unique side component, we have Y^i=i ^ = n + 30 and we obtain, by summing these 
19 inequalities, 

19 f 3 £}=i «i - 95 = 3(n + 30) - 95 = 3n - 5 if n = 8 

m = m« < < , 
i=1 I 3 Ej=i ^ -96 = 3(n + 30) - 96 = 3n - 6 if n > 9 

since n = 8 iff rii = 2, i = 1, 2, . . . , 19, and n > 9 if and only if at least one rij > 3, 
j = l,2,...,19. ' ■ 

An analogous result for the projective-planar graphs can be found in jH]. Also note 
that Corollary 8.3.5 of jH] implies that graphs with no i^-minors can have at most 3n — 6 
edges. 

5 Counting labelled K% 3-subdivision-free toroidal 
graphs 

Now let us consider the question of the labelled enumeration of toroidal graphs with no 
i^3 5 3-subdivisions according to the numbers of vertices and edges. First, we review some 
basic notions and terminology of labelled enumeration together with the counting methods 
and technique used in ^3 Ej • The reader should have some familiarity with exponential 
generating functions and their operations (addition, multiplication and composition). For 
example, see |2j. [TT]. [T4]. or [T£]. 

By a labelled graph, we mean a simple graph G = (V, E) where the set of vertices 

V = V(G) is itself the set of labels and the labelling function is the identity function. 

V is called the underlying set of G. An edge e of G then consists of an unordered pair 
e = uv of elements of V and E = E(G) denotes the set of edges of G. If W is another 
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set and a : V^W is a bijection, then any graph G = (V, E) on V, can be transformed 
into a graph G' = a(G) = (W,a(E)), where a(E) = {a(e) = a(u)a(v) \ e G E}. We 
say that G' is obtained from G by vertex relabelling and that a is a graph isomorphism 
G-^G'. An unlabelled graph is then seen as an isomorphism class 7 of labelled graphs. 
We write 7 = 7(G) if 7 is the isomorphism class of G. By the number of ways to label 
an unlabelled graph 7(G), where G = (V, E), we mean the number of distinct graphs G' 
on the underlying set V which are isomorphic to G. Recall that this number is given by 
n!/|Aut(G)|, where n = \V\ and Aut(G) denotes the automorphism group of G. 

A species of graphs is a class of labelled graphs which is closed under vertex relabellings. 
Thus any class Q of unlabelled graphs gives rise to a species, also denoted by Q, by taking 
the set union of the isomorphism classes in Q. For any species Q of graphs, we introduce 
its (exponential) generating junction Q(x,y) as the formal power series 

G{x,y) = ^2g n {y)^j, with g n (y) = ^ g n , m y m , (3) 

n>0 ' m>0 

where g ntTn is the number of graphs in Q with m edges over a given set of vertices V n of 
size n. Here y is a formal variable which acts as an edge counter. For example, for the 
species Q — K — {K n } n > of complete graphs, we have 

K{x, y )^Y.y^ )xn l n - ( 4 ) 

n>0 

while for the species Q = Q a of all simple graphs, we have Q a (x, y) = K(x, 1 + y). 

A species of graphs is molecular if it contains only one isomorphism class. For a 
molecular species 7 = 7(G), where G has n vertices and m edges, we have j(x,y) = 
\Aut(G)\ xn / nl = y m x n /\Ant(G)\. For example, 

T 5 10 

K 5 (x,y) = ^ r . (5) 
Also, for the graphs M and M* described in Section 2, we have 

M(x,y) = 280^ r , M*(x,y) = 280^, (6) 

since |Aut(M)| = |Aut(M*)| = 144. 

For the enumeration of networks, we consider that the poles a and b are not labelled, 
or, in other words, that only the internal vertices form the underlying set. Hence the 
generating function of a class (or species) M of networks is defined by 

N(n,v) = ^2 u n(y)^j, with v n (y) = v n ^ m y m ; (7) 

n>0 ' m>0 

where u n ^ m is the number of networks in Af with m edges and a given set of internal 
vertices V n of size n. For example, we have 

S Q 

(K B \e)(x,v) = -$-, (8) 
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A species M of networks is called symmetric if for any TV-network N (i.e. N in M), the 
opposite network r-N, obtained by interchanging the poles a and b, is also in M . Examples 
of symmetric species of networks are the classes Mp, of strongly planar networks, and TZ, 
of series-parallel networks (see [T7| 19]). 

Lemma 1 (T. Walsh fZHHj) Let Q be a species of graphs and M be a symmetric species 
of networks such that the composition Q ] M is canonical. Then the following generating 
function identity holds: 

(0VV)(x,y) = g(x,M(x,y)). (9) 
By Theorem 2 and Lemma 1, we have the following proposition. 

Proposition 6 The generating function T(x,y) of labelled non-planar K^- subdivision- 
free toroidal graphs is given by 

T(x,y) = (T c T Np)(x,y) = T c (x,M P (x,y)), (10) 

where Tc denotes the class of toroidal cores (see Definition 3). 

Let P denote the species of 2-connected planar graphs. Then the generating function 
of Afp, the associated class of strongly planar networks, is given by 

Af P (x, y) = (1 + y)^P( x , y) - 1 (11) 
x A ay 

(see [T7J El). Methods for computing the generating function P(x,y) of labelled 2- 
connected planar graphs are described in |3] and jlj. Formula (fTTj) can then be used 
to compute J\fp{x,y). Therefore there remains only to compute the generating function 
Tc(x, y) for toroidal cores. Recall that Tq = K 5 + M + M* + CC, where CC denotes the 
class of circular crowns. Circular crowns can be enumerated as follows using matching 
polynomials. 

Proposition 7 The mixed generating series CC(x,y) of circular crowns is given by 

, s 12a;V + 12x 5 ?/ 10 + a; 8 ?/ 18 + 721n(l-^-^) , x 

CC(x, y) = y - y - y — ^ e - 6 -^. (12) 

Proof. Recall that a matching // of a finite graph G is a set of disjoint edges of G. We 
define the matching polynomial of G as 

M G ( y )= y M > ( 13 ) 

where Ai(G) denotes the set of matchings of G. In particular, the matching polynomials 
U n (y) and T n (y) for paths and cycles of size n are well known (see ^Hl)- They are closely 
related to the Chebyshev polynomials. To be precise, let P n denote the path graph (V, E) 
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with V — [n] — {1, 2, . . . , n} and E = {{i, i + 1}| i — 1, 2, . . . , n — 1} and C n denote the 
cycle graph with V = [n] and E = {{i, i + l(mod n)}\ i = 1, 2, . . . , n}. Then we have 

The dichotomy caused by the membership of the edge {n — 1, n} in the matchings of the 
path P n leads to the recurrence relation 

U n {y)=yU n - 2 (y)+U n -. 1 (y), (15) 

for n > 2, with Uo(y) — U\{y) = 1. It follows that the ordinary generating function of the 
matching polynomials U n (y) is rational. In fact, it is easily seen that 

n>0 tf 

Now, the dichotomy caused by the membership of the edge {1, n} in the matchings of 
the cycle C n leads to the relation 

T n (y)=yU n - 2 (y) + U n (y), (17) 

for n > 3. It is then a simple matter, using (fTH|) and ()17j) to compute their ordinary 
generating function, denoted by G(x,y). We find 



G{x,y) = Y J T n (y) 



x 6 {l + 3y + yx + 2y z x) 
x — — 



„>s l-x-yx* 
In fact, we also need to consider the homogeneous matchings polynomials 

T n {y )Z ) = z n T n { y -)= E y M ^ M , (19) 

where the variable z marks the edges which are not selected in the matchings, whose 
generating function G(x, y, z) = J2n>3 T n {y, z)x n is given by 



y x 3 z 2 (z + 3y + xyz + 2xy 2 ) , 

G(x,y,z) = G(xz,-) = 2 . (20) 

z 1 — xz — x z yz 



We now introduce the species BC of pairs (c, /i), where c is a cycle of length n > 3 and 
/x is a matching of c, with weight y\^\z n ~^. Since there are ^ n ~ 2 non-oriented cycles on a 
set of size n > 3, and all these cycles admit the same homogeneous matching polynomial 
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T n (y, z), the mixed generating function of labelled .BC-structures is 



BC(x,y,z) =Y / ijL ^T n (y,z)^ 



n>3 




2xz + 2x 2 zy + x 2 z 2 + 2 ln(l — xz — x 2 yz) 



(21) 



4 



Notice that in a circular crown, the unsubstituted edges are not adjacent, by defini- 
tion, and hence form a matching of the underlying cycle, while the substituted edges are 
replaced by K 5 \e-iaet works. We can thus write 



where the notation ] z means that only the edges marked by z are replaced by K§\e- 
networks. Moreover the decomposition (|2"2*|) is canonical and we have 



A substitution of the generating function J\fp(x, y) of (jllj) counting the strongly planar 
networks for the variable y in ©, ©, an d (fT2")l gives the generating function for labelled 
2-connected non-planar toroidal graphs with no fTs^-subdivision, i.e. 



T(x, y) = K 5 (x, M P {x, y)) + M(x, Af P (x, y)) + M*(x, Af P (x, y)) + CC(x, Af P (x, y)). (24) 



Notice that the term K 5 (x,Afp(x,y)) in (J23j) also enumerates non-planar 2-connected 
i^s-subdivision-free projective-planar graphs and that corresponding tables are given 
in Here we present the computational results just for labelled graphs in T that 
are not projective-planar. Numerical results are presented in Tables 1 and 2, where 
T(x,y) - K 5 (x,Af P (x,y)) = Y J n>8J2m t n, m x n y m /n\ and t n = J^m^m count labelled 
non-projective-planar graphs in T. 

The homeomorphically irreducible non-projective-planar graphs in T, i.e. the graphs 
having no vertex of degree two, can be counted by using several methods described in 
detail in Section 4 of 0. We used the approach of Proposition 8 of to obtain the 
numerical data presented in Tables 3 and 4 for labelled homeomorphically irreducible 
graphs in T that are not projective-planar. 
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Table 1: The number of labelled non-planar non-projective-planar toroidal 2-connected 
graphs without a ^^-subdivision (having n vertices and m edges). 
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Table 2: The number of labelled non-planar non-projective-planar toroidal 2-connected 
K 33 -snb division- free graphs (having n vertices). 
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Table 3: The number of labelled non-planar non-projective-planar toroidal 2-connected 
fr 3i 3-sub division- free graphs with no vertex of degree 2 (having n vertices and m edges). 
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Table 4: The number of labelled non-planar non-projective-planar toroidal 2-connected 
fT 3i 3-sub division- free graphs with no vertex of degree 2 (having n vertices). 
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